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Abstract 

We construct an exact soliton, which represents a BPS Dp-brane, in a boundary string 
field theory action of infinitely many non-BPS D(p — l)-branes. Furthermore, we show 
that this soliton can be regarded as an exact soliton in the full string field theory. The 
world- volume theory of the BPS Dp-brane constructed in this way becomes usual gauge 
theory on commutative R p+1 , instead of non-commutative plane. We also construct a 
Dp-brane from non-BPS D(p — n)-branes by the ABS like configuration. We confirm that 
the Dp-brane has correct RR charges and the tension. 
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1 Introduction 



The idea of construction of a Dp-brane from infinitely many lower dimensional D(p — 2)- 
branes has been developed in the context of the Matrix theory [|]-||. Though this is 
very interesting idea, it was known that the Dp-brane which is constructed from BPS 
D(p — 2)-branes has charge of the BPS D(p — 2)-branes because the lower dimensional 
brane charges should be conserved. This means that the world-volume of the BPS Dp- 
brane becomes non-commutative space Therefore it is interesting to construct a 
pure Dp-brane with commutative world-volume from lower dimensional D-branes. 

On the other hand, some properties of the system containing tachyon in string theories 
have been understood [p^|-|p.4j|. In particular, the non-BPS branes [|lq| -[]l9| and the brane- 
antibrane systems [2~0[|-|[22|| have been studied. Furthermore, the exact solitons has been 
found in the effective non- commutative world-volume theories of unstable D-branes [p3fl - 
p8f (] Here the solitons represent lower dimensional D-branes. This effective theories can 
be regarded as the tree level actions of string field theories, then, this solitons can be 
regarded as the exact solutions of equations of motion of string field theories. Recently, 
even for the case without non-commutativity, the exact solution has been found in the 
world-volume of the unstable D-branes using the boundary string filed theory (BSFT) 
29| -[33], which was first formulated by Witten ||34|| . 

Then it is natural to try to construct a BPS D-brane from lower dimensional unstable 
non-BPS D-branes which have no conserved charges. Although some attempts to do this 
was made in |55|, the result is not clear, especially for the brane tension, since the BSFT 
action for the non-BPS brane had not been obtained and the actions used in are not 
considered to be exact. 

In this paper we construct an exact soliton, which represents a BPS Dp-brane, in the 
effective world-volume theory of infinitely many non-BPS D(p — l)-branes. This world 
volume theory is obtained from BSFT and the T-duality. In this paper we call a solution 
of the equations of motion the soliton although the solution is not localized in the world 



' This construction can be viewed as a condensation of the tachyon which makes the lower dimensional 
unstable oo — 1 D(p — 2)-branes disappear. A remaining D(p — 2)-brane corresponds to the soliton 
solution in the non-commutative world-volume theory of the unstable Dp-brane because the infinitely 
many unstable D(p — 2)-branes constitute the unstable Dp-brane. For more details, see the appendix. 
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volume of the non-BPS D(p — l)-branes. This is because the solution is localized in the 
T-dual picture. Moreover, we can show that the solution remains intact even if we include 
the terms containing many commutators in the action. These terms should be included 
into the action when we consider the full string field theory action. Therefore, this soliton 
can be regarded as an exact soliton in the string field theory, as in the construction of 



the non-commutative soliton |28], where it is argued that derivative corrections, which 
correspond to higher commutator terms in our case, can be ignored. 

The world- volume theory of the BPS Dp-brane constructed in this way becomes usual 
gauge theory on commutative R p+1 . The new commutative coordinate of the world- 
volume of the BPS D]9-brane appears through the non-commutative R 2 . The extra di- 
mension effectively disappears by the condensation of the tachyons as in the case of a 
soliton in a D9-brane, then the non- commutative R 2 reduces to the commutative R 1 . 

We also construct a Dp-brane from non-BPS D(p — n)-branes by the ABS like config- 
uration. It is shown that the RR charges of the solitons are correct ones. The tension of 
the Dp-brane is shown to coincide with the expected value for n = 1 case. For n > 1, we 
show that the tension of the soliton computed from a natural action coincides with the 
expected value. 

This paper is organized as follows. In section 2, we briefly review the BSFT action for 
non-BPS D9-brane and the construction of the soliton in it. In section 3, we construct an 
exact soliton, which represents a BPS Dp-brane, in a BSFT action of infinitely many non- 
BPS D(j» — l)-branes. We also construct a Dp-brane from non-BPS D(p — n)-branes by the 
ABS like configuration. We confirm that the Dp-brane has correct RR charges and the 
tension. In section 4, we construct an exact soliton for brane-antibrane systems. Section 
5 is devoted to conclusion. In appendix we summarize the construction of Dp-brane from 
D(p — 2m)-branes. 
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2 Solitons in BSFT action 



First we review the BSFT action for non-BPS D-brane and the construction of the soliton 

as 



in it The BSFT action for the real tachyon T{x) is obtained in |3T 



S = f 9 J d 10 xe-^F (^dpTdrr) , (2.1) 



where 

A x T(x) 2 

F W = Tf^ (2 - 2) 

and T p is the tension of the non-BPS Dp-br&ne. This action is considered to be exact if 
we set T = J2 UiXi and other fields to zero. Using 

F(x) = 1 + 21n2x + 0(x 2 ), (2.3) 

we can obtain 

S = f 9 J d w xe-^ (l + ln2a'^T^T + C((^r^T) 2 )) . (2.4) 



Then it was shown in [31] that the closed string vacuum corresponds to T = oo and 



the exact soliton which represents a BPS D8-brane is 

T = UXg, (2.5) 

with u = oo from 

F{x) = ^+\J^ + 0{\). (2.6) 

8 V x x2 

Furthermore, the tension of the BPS D8-brane is finite and coincides with the expected 
values. The fluctuation around the solution was studied in |36j |37| and it was explicitly 
shown that the fluctuation modes live effectively on the R 9 by the effect of the factor 
e -T 2 /i ^ e -ux%/4: which makes the fluctuations along x$ confine in the region of a length 
scale l/y/u. The spectrum, however, is not expected to be exact because some neglected 
terms in the BSFT action, for example e~ T2 ^ 4 (d fl d u T)(d lJj d u T), may contribute the fluc- 
tuation around the solution. 
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3 Construction of Dp-branes from lower dimensional 
non-BPS D-(p-2m-l) branes 

First we consider the soliton in a field theoretical toy model for the effective world- volume 
action of N non-BPS D-branes. The field theoretical model of a tachyon field T(x) and 



gauge fields A^(x) in a D9-brane considered in |36| is 



S = /:, / d l0 xe-^ f 1 + da'd^Td^T + j(2irat!F t y2 



where q are some numerical constants. Then from the T-dual relation 

1 



A, 



'a' 



(3.1) 



(3.2) 



it is natural to consider a toy model for N non-BPS D(— l)-branesp] which has an action 



S = T_i Tr 



NxN 



e * 



J(T,$) 



(3.3) 



where T and become NxN matrices and 



J(T, $) = 1 - Cl [$ M , T] 2 - C 2 7T 2 [^, 
Here we have done the replacement 

DfjT — d^T — {(AfjT — TA^) 
F^v = d^A u — d u A^ — i\A^, A^] 



(3.4) 



— i- 



at 



- 7 [%,T) 



The equations of motion for this action become 

dS 











dT 
dS 



I(T,$)Te~— +4ci 
T, l$»,T]e-^ 



$ M ,[$ M ,T]e-- 



(3.5) 



(3.6) 



where we have omitted the terms containing <& u ] or [T, T]]. 

Hereafter we concentrate on the case of a system of infinite number of non-BPS D(— 1)- 
branes, i.e. N —>■ oo limit, and regard the matrix of N x iV as a linear operator. Then on 
tin this paper we consider the Euclidean space-time for simplicity. 
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the analogy of the solution for the case of non-BPS D9-brane ( |2.5| ), we can try to take a 
configuration 

T = 2irfi p 



$ = — -=x, % = (p = l---9), (3.7) 
27rv« 

where x and p are operators which satisfy 

[x, p] = ioi ' . (3.8) 

Note that for this configuration, it is hold that [x^, = for any choice of 
assigning x m to $j, or T. Indeed, this configuration becomes a solution for the equations 
of motion (|3.6|) provided that /i 2 = l/c\ because [$o,^] = an d If ~ —T(l — ci/x 2 ). 
We note that the normalization of the operator x was taken such that the x can be 
regarded as the transverse coordinates of the non-BPS D(— l)-branes. We also note that 
the commutator [x,p] is taken to depend only on a'. Actually, a solution for equations of 
motion for general tachyon potentials was obtained before in [p5[| , however, as a solution 
of differential equation. We can easily check that the solution ( p.7|) solves the differential 
equation. 

The tension of this soliton can be computed as 



/22-2 v p 222 j r 

S = f-iTr (e-^^il + 1)) =2T_! / dxdp{p\e~^- » (x\p) — T_i — == / dx, 
V J J /xv7r 3 a'J 

(3.9) 

where we have used the eigenstates |x) of operator £, i.e. x\x) = x\x) with (x\x ! ) = 
8{x — x') and the eigenstates of p with (p|p') = 8{p — p') and = ^ 2 ^ a , e~^~. Although 
this soliton is expected to represent a BPS DO-brane, the tension of this soliton does not 
coincide with the BPS DO-brane tension T = ^ unless u = -l=. This is because 

\J l 2-irVa V 2n 

the action can not be regarded as an exact string field theory action. 

Now we consider a solution for a BSFT action, which is derived from the action ( |2.1| ) 
by the T-duality, 



S = T_i Tr 



NxN 



{f(-Ii^t]^ + g([%,^},[<s> p ,t)) 



(3.10) 
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This action may be an exact string field theory action for the configuration with 



[T, T}} = [$„, T}} = [T, $„]] = $,]] = 0, 



(3.11) 



which correspond to D^F vp = 0, D^D V T = and [T, -D^T] = 0. Here the function F 
was defined by ( |2.2|) and G(x, y) is a some function which is expanded around x = as 
G(a;, j/) = 2 2 g(y) + C(x 3 ). Note that any ordering of T, $„] and f^, T] in (|3.10|) can 
be taken to have an exact action for the configuration which satisfies ( |3.11| ). 
The equations of motion for this action become 



= H ~ -^(-^[^,T] a )Te-V-l[$ M , T fF'(-^[$,,T]MT e -^ 







dT 
OS 



0. 



(3.12) 



where we have omitted the terms containing [<& M , & u ], [T, T]\ or [$^, T]]. 

Then from (|2.6| ), we can find that the configuration (|3.7| ) is a solution for the equation 
of motion fl3.12|) provided that fi — ► oo. Furthermore, the solution (|3.7| ) is an exact 
solution of the string field theory. This is because the solution ( |3.7| ) satisfies $ u ] = 
and [[$ M , T], H(T, $„)] = 0, where H(x,y) is an arbitrary function of then ( |3.7| ) 
with jj, — > oo remains a solution for the equations of motion even if we include the terms 
omitted in the action (|3.10|) , which vanish for the configuration satisfying ( |3.11|) . 

The tension of the solution is computed as 

T-i 1 



S — T_iTr NxN 
where we have used (|2.6|) and 

Tr^vxTv 



V2 2tt^ 



dx. 



dx. 



(3.13) 



(3.14) 



This indeed coincides with the tension of the D(— l)-brane. The Chern-Simons coupling 
of the non-BPS branes which is relevant for this case is given by p9|-[41| [33 



as 



S, 



cs 



NxN 



-[$ ,T]C e-- 



(3.15) 



where // is a constant which can be evaluated as fjf — i 2 T-i by the computation of the 
charge of the D(p — l)-brane soliton in non-BPS Dp-brane BSFT action. Hence we verify 
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the charge of the soliton as 

Scs = if "'/lvb/ CA= 7r^l Coix = T °l Co ' {3A6) 

where T p is a tension of a BPS Dp-brane. Note that in this computation we have not 
taken the limit /i — > oo and the charge does not depend on the value of /i as expected. 

Now we consider the fluctuations around the solution. First we expect that the fluc- 
tuations around the solution become effectively on the commutative R 1 . This is because 
the factor 

47r^ 9 ~9 

e -T-^ e -^V > (3.17) 



with /i — > oo would suppress fluctuations along the p. Note that in the limit fi — > oo, 
e - ^ 7 "^ p reduces to a delta function in the commutative case and we can translate 
the operators to the functions by the Weyl transformation. Thus this factor coming from 
the tachyon condensation would effectively make the world volume of the BPS DO-brane, 
which is constructed as the soliton, extend along R 1 , rather than non- commutative R 2 . 
We note that in this construction of the DO-brane, the non-commutative R 2 play a crucial 
role in order to produce the world volume coordinate from the matrices. 

It is not easy, however, to calculate the effective action for the fluctuation modes since 
the BSFT actions used in this paper do not include the necessary terms to compute these 
as mentioned in section 2. Here we only restrict the fluctuations as 

T = 2n{i-^=p 

$ = —^x, % = S%(x) = 1---9), (3.18) 

27TV Oi 

i.e. we only consider the p independent fluctuations of the transverse scalars of the DO- 
brane. One reason to consider these modes is that the modes are decoupled from the other 
modes up to quadratic fluctuation. Indeed, the action should contain the field $ M as the 
commutator [<!>„, $ M ] or [T, $ M ] and these commutators are already quadratic fluctuation 
except 

[T, $ M ] ~ 2vr/i^=[p, $ M ] ~ -2t7rV^d £ (5^^x)). (3.19) 
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Then inserting ( |3.18| ) and ( |3. 19| ) into the action ( |3.10| ), we obtain a desired result: 

,2 



S = T_iTr 



NxN 



11- 



/'|^-(l + 47rV(^$ M (x)) i 



'l + A-K 2 a'{d x 5^^x)) 2 dx. 

(3.20) 

Of course, we extend the construction of the higher dimensional D-branes from the 
infinitely many non-BPS D(— l)-branes to the one from infinitely many non-BPS D(2m — 
l)-branes. In this case the action for the D(2m — l)-branes includes the gauge fields. 
Because the analysis is almost same as above discussions, we will consider more nontrivial 
generalizations. 

We also construct an exact solution, which represents n BPS DO-branes: 



27T/X- 



V 



p 




\ 
















p J 





27TV0 7 



/ X 








f c?i 












$ = 








V 




X J 











(3.21) 



where /i = 1 • • • 9. The constants Cf correspond to positions of the 2-th brane. The DO-DO 

( P \ 

brane system is obtained by changing signs of p in T, for example, T ~ I — — I . 

On the analogy of the ABS configuration [SB], a configuration for a D(m — l)-brane is 
expected to be 



m— 1 



T = 2n—=^^ k ^ k p 

V« k=0 



X 



0---TO- 1), 



(// = m---9), 



(3.22) 



2vr v / a / 

where 7» are r ^ m l 2 ^ x 2[ m//2 l Hermitian gamma matrices which satisfy {7i,7j} = 25jj and 
[x 1 ,^ 7 ] = ia'Sij. The D-brane charges of this configuration are expected to vanish for 
m = even, i.e. the non-BPS D(m — l)-brane. Indeed, we can see that the RR charges of 
the soliton coincide with the expected values. The Chern-Simons coupling for the several 
non-BPS D(— l)-branes was obtained by the BSFT [33 



(IS . 



S, 



cs 



T_i« sSymTr 



odd 



(3.23) 



where the SymTr denotes a symmetric trace with respect to $„], [$ M , T] and T 2 and 

i$ denotes the interior product by $: 

1 „ . ,. . , _ 1 



C 



T ! 



8 



(/ ._ L)! -^a,, 2 ,.,^ 2 ---^. (3.24) 



Here [ ]\ m means that we should take the odd forms of the RR- fields C only. Thus we 
can obtain the RR charges of the soliton as 



1 

V2 f 



1 



C 



10-m 



T 



m—l 



c 



10-m 



(3.25) 



for m = odd. Here // = T_ii~2 and we have used Tr 7 (7i • • • 72^+1) = 2 n (— i) n . 

It is difficult, however, to show that the configuration is a solution because [T, [<3>j, T]] = 
Vl'K-jgHj J2T=o [iki Ij] P k 0- Instead of showing this, we consider another action, 
which seem to be natural, and compute the tension using this action. To this end, let 
us remember that for the configuration T = Y,T=o f^k Ik x k , the BSFT action for 2' m/,2 l 
non-BPS D9-branes becomes |]3T 

/2 m—l 
d 10 xe"T (l + (ln2)a'/4 + (3a' 2 ^ + • 

k=0 

. 2 ( m—l m—l . 

= f 9 2^ J d™x e- T ~r 1 + (In 2)c/£ + ^' 2 £ (4) + a' 2 £ (In 2)VM + ■ 



m—l 



fc=0 



fc,Z=0, fc>« 



Ta / rf 10 xe--Tr, 



1 + (ln2)«'(AT) 2 - -(ln2)V 2 (ATD m T) 2 
+ ((3 + l(\n2) 2 ) a' 2 (AT) 2 ( J D m T) 2 + ■ • 



(3.26) 



where (3 is a numerical constant and we have used ^^klilkli) = 2(Trl)(2<5fcz — 1). Then 
the BSFT action for the N x 2t m / 2 l non-BPS D(-l)-branes is expected to be 



S 



T_iTr 7 Tr 



7 J-^NxN 



(l " (ln2)[$„T] 2 - ^ln2) 2 ([^,T][^,T]f 



/3+-(ln2) 2 )[$„T] 2 [<|. 1 „r] 2 + 



(3.27) 



Note that this action may be consistent with the action ( |3 . 1 U| ) with N — > 2 ]Lm ^ 2 ^N since 
(P3) ma Y coincides with (glQ|) for [[$„,T], [$„, T]] = 0. The action ( |j7| ) is evaluated 
for the soliton as 

rm-i ,tVp? -| r 

(3.28) 



5 = f_!2[ m / 2 ] Tr 



JVxiV 



II e—^F^l/2) 

k=0 



\ l dec ' ' ' dec 



m—l 
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where 

T' m _ x = f_,2^- m {-j=^j ■ (3-29) 

Therefore we have found that the T ! m _ x is coincide with the D(m — l)-brane tension 
Tr _n f bps = {-^f_ x for m = even, or 1*™ = (^) m ^ for m = odd. 

Another exact solution corresponding to BPS D(2m)-brane is an analogue of the usual 
construction of the non- commutative brane as in 



T = 27r/x-L5, $ ' 



$2»-i = - — i=xu = - — 7=Pi, (i = l---m), 
$ M = 0, (/i = 2m + l---9), (3.30) 

where Xi and pj are operators which satisfy 

[xi,pj] = ibijoi. (3.31) 

As the usual construction of the non-commutative D-branes, this solution represents the 
BPS D(2m)-brane with the lower dimensional D-brane charges, or background constant 
NS-NS B field. This can be verified by the computation of the RR charges from the 
Chern-Simons couplings ( |3.23| ). We can also construct the exact soliton corresponding to 
a non-BPS D(2m — l)-brane with background constant NS-NS B field as 

$2i-2 = — — y=7*t, = Tl Vh (i = 1 • • ■ m), 



2nya' 2nya' 
$^ = 0, (/i = 2m---9), T = 0. (3.32) 

In appendix, we will discuss these cases further. 

Finally, we comment on the combinations of the above constructions. If we notice 
that the direct sum of the above configurations is also an exact solution of the equations 
of motion, we can easily construct the composite system of any number of Dg-branes and 
D(g + m) branes. Therefore it is an advantage of the techniques in this paper that we can 
easily construct the system of D-branes with different dimensions. 
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4 Brane-antibrane System 



For D9-D9 system, the BSFT action have been obtained [33] as 



2T 9 f d w x e~ Tf n (l + (In 2)a<'/4 + /3c/ 2 /4 + • 
J k=i 

2T 9 y d w xe- TT (l + (ln2)c/(/i? + //?,) + /3a /2 (/4 + /4) + a /2 (ln2) 2 /i 2 /i 2 + 
2T 9 /" Ae- Tf [l + 4(ln2)a'd z T<9,T + 4 (2/3 - (ln2) 2 ) a ,2 (^T^T) 2 



for the configuration 



+4 (2/?+(ln2) 2 ) a'^d^draf) 2 + 



T=-^ 1 X 1 +/i 2 X 2 ), 4 J) =0, z = l,2. 



(4.1) 



(4.2) 



Thus the action for N D(-l)-D(— 1) pairs is expected to be 



S = T_iTr 



NxN 



e~ TT {l + 4(ln2)a / ($J 1) T - T<$>f ] ){T - $[ 2) f ) 
+4 (/? - (ln2) 2 ) c^($, (1) r - T$f } )(f - $f ) T)($«T - T$^)(f - 
+4 (2/3 + (ln2) 2 ) a /2 ($|^T - T$[ 2) )(f $jj> - )($} 1} T - T$} 2) )(T$« - $<?T) 



•} + e- fT {l + 4(ln2)a'(T${ 1) - $| 2) T)($, (1) T - T$} 2) ) + • • •} 



(4.3) 



where we have omitted T-independent terms and higher commutator terms. For this 
action we can trace the construction of the higher dimensional D-branes considered in the 
section 3. 

For example, we can construct an exact solution for the infinitely many D(-l)-D(— 1) 
pairs as 



7T 



'a 



,(2) 



-_X X = $\ 



2ir\/a 



(2) 



2ir\/cf 



:X 2 , other fields =0, 
(4.4) 

which corresponds to a BPS Dl-brane. A solution which is corresponds to a D(m — 1)- 
brane can be also constructed for 2t m / 2 l x N D(-l)-D(— 1) pairs as 

i m— 1 



27T- 



fc=0 
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$f ) = $( 2 ) = — l — x l (i = • • • m - 1), other fields =0, (4.5) 

where T fc denote 2'^~~ 1 x a - 1 Hermitian gamma-matrices in m — 1 dimension for k = 
1, • • • , m — 1 and T = zl. If we define a shift operator S such as S^g = 1 and SS^ = 1 — P, 
where P is a projection operator with dim(KerP) = iVo, a configuration T = /xS with 
/i — ► oo is an exact solution corresponding to iVo D(— l)-branes.| 

5 Conclusions 

In this paper we have constructed an exact soliton, which represents a BPS Dp-brane, 
in the effective world- volume theory of infinitely many non-BPS D(p — l)-branes. We 
have argued that the world-volume theory of the BPS Dp-brane constructed in this way 
becomes usual gauge theory on commutative R p+1 . The new commutative coordinate of 
the world- volume of the BPS Dp-brane is appeared through the non-commutative R 2 . 
The extra dimension effectively disappears by the condensation of the tachyons as in the 
case of a soliton in a D9-brane. We have also constructed a Dp-brane from non-BPS 
D(p — n)-branes by the ABS like configuration. It has been shown that the RR charges 
and tensions of the solitons are correct ones. 

It is very interesting to study the fluctuations around the exact solitons including the 



fermion fields to the action as discussed in [37||. In order to consider the fluctuations 
properly, we probably have to calculate the BSFT action including the higher derivative 
terms. 
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A D£>-brane from D(^> — 2m)-branes 

First we consider the construction of BPS Dp-brane from infinitely many BPS D(p — 2)- 
branes following |H-@. For simplicity we consider the construction from BPS D(— 1)- 
branes only. The bosonic part of the effective action for the N BPS D(— l)-branes may 
be written as 

(A.l) 



S N = T_ x SymTr^^ ^/det (g^ - z27r[$ M , $„]) 

where we have omitted the terms which contain two or more commutators and T_i is the 
tension of a BPS D(— l)-brane. It can be easily seen that the equations of motion for this 
action with the limit N — > oo are satisfied by a configuration 

1 , 



2vrv / a / 



-x 



1,2,- .-,2m), 



(A.2) 



where 



\x j ,x k ] 



iW k {j,k = l,2, •■•,2m), (A.3) 

Note that there are moduli 6 jh . Here we take Q^' 1 ^^ = —6 2j '( 2j ~ 1 '> = q. anc } £h e other 
components vanish. 

Because we expect that the full effective action contains only as a commutator 
[$ M , the omitted terms in ( |A.l ) can be ignored for the configuration ( |A.2|) as far as 
the equations of motion is concerned. Therefore we find that (|A.2| ) is the exact solution 
of the full string field theory and corresponds to a D(2m — l)-brane with Bjk = (h)jk 
||. Here following [n], we have chosen $jj = —Bij, where &ij represent some degree of 
freedom to write the noncommutative action ||. 

The tension of the solution is evaluated as 

1 



S 



N 



dx l jdx 2 ...jdx^ l j d x 2 n 



0! 



n 



An 2 a' 2 L \ 2710, 



1 



2m 



n 



y dX2k-l J dX2k- 



(A.4) 



This coincides with the tension of a D(2m — l)-brane since the world- volume theory of 
the D(2m — l)-brane with non- vanishing B field becomes 



S: 



2m- 1 



dx 



2k~l 



dx 



2k 



det (gi 



2na'Bij) } 



(A.5) 
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which agrees with ( |A.4 ). 

If we denote fluctuations around the solution as 



l—fi-AjP*), (i = !,■••, 2m), 



we find [10| [11 



27rv«' 



( 9 ij - fl^'iU = t-^r-6 lk 6 lj ( F kl + 



(A.6) 



47r 2 a' ^ ' 47r 2 a' 

where F ki = d k A t — diA k — i[A k , A{\. We can also show that 



(A.7) 



(-*) [<&S $ l2 ] H) $ J3 ] ■ • ■ (-») [$ i2 "-\ *<J (-0 [$ l2 ",$ n ] = Tr((G- 1 (F + $)n, 

(A.8) 

where = —(2iTa') 2 (B 2 )ij is the open string metric |J. Using this, we can show that 
an action for the fluctuations around the solution indeed becomes the non- commutative 
effective world- volume theory of the D(2m — l)-brane 



Sn = T 9 ^- s Jdet{2ir6 i :i) SymTr NxN 



det(Gtf + 2ira'(F lJ + $ y ) , 



(A.9) 



where G s = g s y det(2na'Bij) is the open string coupling constant |J. Therefore the 
action ( A. If) and ( A.9J) are the same action with the different backgrounds, which satisfy 
the equations of motion. 

Now we consider the omitted terms in ( A.l| ), which are higher commutator terms. In 
principle, we can determine these terms from the non-abelian effective world- volume action 
of D9-branes by a replacement 2na'Fij — > — and (2Tia') ! ^ +1 Di 1 ■ ■ ■ Di m (F k i) — * 

-i m+1 [<S> h , [■■■, [$ im , [$ fc , $,]]]]. From Q, we can regard by yjlvotbj = V2na'{d j + 



iAj) with the open string metric in the non-commutative gauge theory picture where 
[dj, f(x, p)] = djf(x, p). Therefore we find that the full effective action for the fluctuations 
around the solution has same form as the non-abelian effective world-volume action of 
D9-branes, as expected. 



The D-brane charges can be also evaluated from the Chern-Simons term 

Scs = T^SymTW ( e -^W* A C ) , (A.10) 
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which may be obtained from the Chern-Simons term for BPS D9-brane Sq$ = Tg / d w xe 27ra ' F A 
C. Substituting the solution into ( |A.10| ), it is obtained that 



S, 



cs 



T, 



2m- 1 



d 2m xe 



2na'B 



AC. 



(A.ll) 



Now we consider the construction of non-BPS D(2m — l)-brane from infinitely many 
non-BPS D(— l)-branes. The action for these was given by fl3.10| ). The solution for this 
case was given by ( |3.32| ) and the above analysis for the BPS case can be applied with- 
out essential modifications. In particular, we can see that the noncommutative gauge 
theory action and the matrix action ( |3.10| ) are the same action with the different back- 



grounds, which satisfy the equations of motion. In p7| PH the non-commutative soliton 
corresponding to Nq non-BPS D(— 1) branes was constructed in the noncommutative 
world-volume theory of D(2m — l)-brane. It can be identified in the action (|3.10|) as an 
almost trivial solution 



T = T B {1-P), $, 



0. 



(A.12) 



where T c = oo and P is a projector which obeys dim(Ker(l — P)) = Nq. 
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